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Shannon Mutual Information

在概率论和信息论中，两个随机变量的互信息（Mutual Information，MI）度量了两个变量之间相互依赖的程度。具体

来说，对于两个随机变量，MI是一个随机变量由于已知另一个随机变量而减少的“信息量”（单位通常为比特）。

离散随机变量 X 和 Y 的互信息可以计算为：

其中 𝑝(𝑥, 𝑦)是 X 和 Y 的联合概率质量函数，而 𝑝(𝑥)和 𝑝(𝑦)分别是 X 和 Y 的边缘概率质量函数。

互信息又可以等价地表示成：



Shannon Mutual Information



Shannon Mutual Information



Definitions and Notations

Let 𝛺 = {𝑓:𝒳 ∪ {⌀} → 𝒫 𝒴 }. We say that 𝒱 ⊆ 𝛺 is a predictive family if it satisfies

∀𝑓 ∈ 𝒱, ∀𝑃 ∈ range 𝑓 , ∃𝑓′ ∈ 𝒱, s.t. ∀𝑥 ∈ 𝒳, 𝑓′ 𝑥 = 𝑃, 𝑓′ ⌀ = 𝑃

Let 𝑋, 𝑌 be two random variables taking values in 𝒳 ×𝒴, and 𝒱 be a predictive family. Then the predictive 
conditional 𝓥-entropy is defined as

𝐻𝒱 𝑌 ∣ 𝑋 = inf
𝑓∈𝒱

𝔼𝑥,𝑦∼𝑋,𝑌 −log𝑓 𝑥 𝑦

𝐻𝒱 𝑌 ∣ ⌀ = inf
𝑓∈𝒱

𝔼𝑦∼𝑌 −log𝑓 ⌀ 𝑦

Let 𝑋, 𝑌 be two random variables taking values in 𝒳 ×𝒴, and 𝒱 be a predictive family. The predictive 𝓥-
information from 𝑋 to 𝑌 is defined as

𝐼𝒱 𝑋 → 𝑌 = 𝐻𝒱 𝑌 ∣ ⌀ − 𝐻𝒱 𝑌 ∣ 𝑋



Properties of 𝒱-Information

Let 𝑌 and 𝑋 be any random variables on 𝒴 and 𝒳, and 𝒱 and 𝒰 be any predictive families, then we have

1. Monotonicity: If 𝒱 ⊆ 𝒰, then 𝐻𝒱 𝑌 ≥ 𝐻𝒰 𝑌 ,𝐻𝒱 𝑌 ∣ 𝑋 ≥ 𝐻𝒰 𝑌 ∣ 𝑋 .

2. Non-Negativity: 𝐼𝒱 𝑋 → 𝑌 ≥ 0.

3. Independence: If 𝑋 is independent of 𝑌, 𝐼𝒱 𝑋 → 𝑌 = 𝐼𝒱 𝑌 → 𝑋 = 0.

Shannon Mutual Information: Letting 𝑡:𝒳 → 𝒳 be any function, 𝑡 𝑋 cannot have higher mutual 

information with 𝑌 than 𝑋: 𝐼 𝑡 𝑋 ; 𝑌 ≤ 𝐼 𝑋; 𝑌 .

𝓥-Information: Denoting 𝑡 as the decryption algorithm and 𝒱 as a class of natural language processing 

functions, we have that: 𝐼𝒱 𝑡 𝑋 → 𝑌 > 𝐼𝒱 𝑋 → 𝑌 ≈ 0.

Asymmetry: If 𝒱 contains all polynomial-time computable functions, then 𝐼𝒱 𝑋 → ℎ 𝑋 ≫ 𝐼𝒱 ℎ 𝑋 → 𝑋 , 

where ℎ:𝒳 → 𝒴.



Properties of 𝒱-Information



𝒱-Information Estimation

Let 𝑋, 𝑌 be two random variables taking values in 𝒳,𝒴 and 𝒟 = 𝑥𝑖 , 𝑦𝑖 𝑖=1
𝑁 ∼ 𝑋, 𝑌 denotes the set of samples 

drawn from the joint distribution over 𝒳 and 𝒴.𝒱 is a predictive family. The empirical 𝓥-information (under 

𝒟 ) is the following 𝒱-information under the empirical distribution defined via 𝒟 :

መ𝐼𝒱 𝑋 → 𝑌;𝒟 = inf
𝑓∈𝒱

1

𝒟
෍

𝑦𝑖∈𝒟

log
1

𝑓 ⌀ 𝑦𝑖
− inf

𝑓∈𝒱

1

𝒟
෍

𝑥𝑖,𝑦𝑖∈𝒟

log
1

𝑓 𝑥𝑖 𝑦𝑖

PAC bound over the empirical 𝓥-information:

Assume ∀𝑓 ∈ 𝒱, 𝑥 ∈ 𝒳, 𝑦 ∈ 𝒴, log𝑓 𝑥 𝑦 ∈ −𝐵, 𝐵 . Then for any 𝛿 ∈ 0,0.5 , with probability at least 1 − 2𝛿, 

we have:

𝐼𝒱 𝑋 → 𝑌 − መ𝐼𝒱 𝑋 → 𝑌;𝒟 ≤ 4ℜ 𝒟 𝒢𝒱 + 2𝐵
2log

1
𝛿

𝒟

where we define the function family 𝒢𝒱 = {𝑔 ∣ 𝑔 𝑥, 𝑦 = log𝑓 𝑥 𝑦 , 𝑓 ∈ 𝒱}, and ℜ𝑁 𝒢 denotes the Rademacher 

complexity of 𝒢 with sample number 𝑁. Typically, the Rademacher complexity term satisfies ℜ 𝒟 𝒢𝒱 = 𝒪 𝒟 −
1

2 .



Structure Learning with 𝒱-information

𝑔∗ = argmax
𝑔∈𝐺tree

෍

𝑋𝑖,𝑋𝑗 ∈edge 𝑔

𝐼 𝑋𝑖 , 𝑋𝑗

where 𝐼 𝑋𝑖 , 𝑋𝑗 is the Shannon mutual information between variables 𝑋𝑖 and 𝑋𝑗 . 

𝑔∗ = argmax
𝑔∈𝐺

d− tree
෍

𝑖=2

𝑚

𝐼𝒱𝑡 𝑔 𝑖 ,𝑖
𝑋𝑡 𝑔 𝑖 → 𝑋𝑖

where 𝐺d− tree is the set of directed trees, and 𝑡 𝑔 :ℕ → ℕ is the function mapping each non-root node of 
directed tree 𝑔 to its parent, and 𝒱𝑖,𝑗 is the predictive family for random variables 𝑋𝑖 and 𝑋𝑗 . 
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𝒱-Usable Information

𝐻𝒱 𝑌 = inf
𝑓∈𝒱

𝔼 −log2𝑓 ⌀ 𝑌

𝐻𝒱 𝑌 ∣ 𝑋 = inf
𝑓∈𝒱

𝔼 −log2𝑓 𝑋 𝑌

𝐼𝒱 𝑋 → 𝑌 = 𝐻𝒱 𝑌 − 𝐻𝒱 𝑌 ∣ 𝑋

• predictive 𝒱-entropy

• conditional 𝒱-entropy

• 𝒱-information

Let 𝑋, 𝑌 denote random variables with sample spaces 𝒳,𝒴 respectively. Let ⌀ denote a 

null input that provides no information about 𝑌. Given predictive family 𝒱 ⊆ 𝛺 =

{𝑓:𝒳 ∪ ⌀ → 𝑃 𝒴 }



Properties of 𝒱-Usable Information

• Non-Negativity: 𝐼𝒱 𝑋 → 𝑌 ≥ 0

• Independence: If 𝑋 is independent of 𝑌, 𝐼𝒱(𝑋 → 𝑌) = 0.

• Montonicity: If 𝒰 ⊆ 𝒱, then 𝐻𝒰 𝑌 ≥ 𝐻𝒱 𝑌 and 𝐻𝒰 𝑌 ∣ 𝑋 ≥ 𝐻𝒱 𝑌 ∣ 𝑋



𝒱-Usable Information in Practice

• 大模型 accuracy 与 𝒱-Usable Information 都更高，因为

提取更多的信息让识别更容易

• 𝒱 Information 相比 accuracy 对过拟合更加敏感



𝒱-Usable Information in Practice

• 提供了衡量不同数据集难度的方法



Pointwise 𝒱-Information

Given random variables 𝑋, 𝑌 and a predictive family 𝒱, the pointwise 𝒱-information (PVI) of an 

instance 𝑥, 𝑦 is

PVI 𝑥 → 𝑦 = −log2𝑔 ⌀ 𝑦 + log2𝑔
′ 𝑥 𝑦

where 𝑔 ∈ 𝒱 s.t. 𝔼 −log𝑔 ⌀ 𝑌 = 𝐻𝒱 𝑌 and 𝑔′ ∈ 𝒱 s.t. 𝔼 −log𝑔′ 𝑋 𝑌 = 𝐻𝒱 𝑌 ∣ 𝑋

PVI is to 𝒱-information what PMI is to Shannon information:

𝐼 𝑋; 𝑌 = 𝔼𝑥,𝑦∼𝑃 𝑋,𝑌 PMI 𝑥, 𝑦

𝐼𝒱 𝑋 → 𝑌 = 𝔼𝑥,𝑦∼𝑃 𝑋,𝑌 PVI 𝑥 → 𝑦



Algorithm



PVI in Practice



Input Transformations



Slicing Datasets



Thanks for watching!
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